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Abstract
Helioseismology has become a very successful diagnosis of the equation of
state. Although the gas in the solar interior is only weakly coupled and
weakly degenerate, the great observational accuracy of the helioseismological
measurements puts strong constraints on the nonideal part of the equation
of state. For solar and stellar modelling, a high-quality equation of state is
crucial. But the inverse is also true: the astrophysical data (helioseismic today,
asteroseismic tomorrow) can put constraints on the physical formalisms, thus
making the Sun and the stars laboratories for plasma physics.

PACS numbers: 51.30.+i, 96.60.Ly

1. Introduction

Since the early 1960s the surface of the Sun has been known to be in a regular pulsating
motion with periods of about 5 min. Only in the 1970s it was recognized that these so-
called solar oscillations are manifestations of global motions of the Sun about its equilibrium.
Helioseismology is the name of the branch of astrophysics that deals with deciphering these
data, which cover the whole range of spherical harmonics from l = 0 (radial) to very high
angular order (above l = 1000). The observed solar oscillation modes are standing acoustic
waves; hence the quantity most obviously probed is sound speed.

There are numerous introductions to helioseismology (see, for instance, Bahcall and
Ulrich 1988, Gough 1993, Christensen-Dalsgaard et al 2000, Christensen-Dalsgaard 2002).
In addition, there are reviews that specifically address the helioseismic determination of the
equation of state (see Christensen-Dalsgaard and Däppen 1992, Baturin et al 2000). In
contrast to denser objects (low-mass stars, white dwarfs, brown dwarfs, planets, or even
neutron stars; see Chabrier 2005, Potekhin et al 2005), for the Sun’s interior, a simple ideal-
gas model of the plasma had been quite adequate before the advent of helioseismology.
However, for the helioseismological accuracy of the early 1980s, a need to go beyond the
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Figure 1. Difference between squared sound speed from inversion and two solar models. Figure
by S Basu.

ideal-gas approximation was recognized (see Berthomieu et al 1980, Ulrich 1982, Noels et al
1984). Towards the end of the 1980s, with even better data, a clearer picture began to emerge.
Christensen-Dalsgaard et al (1988, 1996) demonstrated that it was essential to include the
Coulomb correction. Across the solar interior, the relative Coulomb pressure correction peaks
twice, once in the outer part of the convection zone (about −8%) and once in the solar core
(about −1%). For solar conditions, the Debye–Hückel (DH) theory is a good approximation
for the leading term of the Coulomb correction.

Helioseismic equation-of-state studies use solar models based on sophisticated new
equations of state. Particularly popular are those underlying the two major recent efforts
to re-compute the opacity in stellar interiors. One of these efforts is the international Opacity
Project (OP; see the books by Seaton 1995, Berrington 1997); it contains the so-called Mihalas–
Hummer–Däppen equation of state (Hummer and Mihalas 1988, Mihalas et al 1988, Däppen
et al 1988, Nayfonov et al 1999, Trampedach et al 2006); hereinafter MHD) and it deals with
heuristic concepts about the modification of atoms and ions in a plasma. The other effort is
being pursued at Lawrence Livermore National Laboratory by the OPAL group (Iglesias and
Rogers 1996, Rogers et al 1996); its equation of state is based on a detailed systematic method
to include density effects in a plasma (Rogers 1977, 1986, Rogers and Nayfonov 2002).

Although approximate asymptotic techniques (see Christensen-Dalsgaard et al 1985,
Gough 1993) exist to invert solar oscillation frequencies for the internal sound speed, for an
accurate analysis of the observations, a fully-fledged, non-asymptotic numerical treatment
of the oscillations is mandatory (see Gough et al 1996). Figure 1 is a typical result of
such a numerical inversion (Basu and Christensen-Dalsgaard 1997). It shows the relative
difference (in the sense Sun–model) between the squared sound speed obtained from inversion
of oscillation data and that of a two standard solar models. The two solar models used are
identical in all respects except for their equation of state, MHD (circles) and OPAL (triangles),
respectively. For the present purpose, we can consider inversion results such as figure 1 as
the data of helioseismology, disregarding the procedure through which they were actually
obtained from solar oscillation frequencies. The figure shows that overall models with the
OPAL equation of state represent reality better than models with MHD.
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Figure 2. Difference between γ1 (here denoted �1) of a solar model and observation, for models
with nonrelativistic electrons (left) and relativistic electrons (right). Figures by J Elliot.

2. Two examples of recent equation-of-state issues

2.1. Relativistic electrons

Figure 1 shows a discrepancy between theoretical and inverted values for both OPAL and
MHD. It turned out that it was due to relativistic electrons. It happened that the original
versions of MHD and OPAL only treated non-relativistic partially degenerate electrons. This
was the cause of a discrepancy found in a recent helioseismic inversion for the adiabatic
gradient γ1 = (∂ ln p/∂ ln ρ)s (s being specific entropy) (Elliott and Kosovichev 1998).

The top panel of figure 2 shows this discrepancy for MHD. (A corresponding figure for
OPAL would look essentially the same.) The relevant deviation occurs in the central 30%
parts of the Sun. A relativistic treatment of the degenerate electrons in the solar model (bottom
panel) removes the discrepancy nicely. As a result, upgrades to include relativistic electrons
were since made both to MHD (Gong et al 2001a, 2001b) and OPAL (Rogers and Nayfonov
2002).

2.2. Effect of excited states in hydrogen and helium

Another effect beyond the Debye–Hückel correction is the signature of the internal partition
functions. (Nayfonov and Däppen 1998) discovered a ‘wiggle’ in the thermodynamic
quantities, located in the hydrogen and helium ionization zones. This effect, due to excited
states, has probably already been observed in the Sun, because new observations (Basu et al
1999) suggest that in the top 2% of the solar radius, MHD models can give a more accurate
match with the data than OPAL models. Since it turns out that in this region, the discrepancy
between MHD and OPAL is essentially reflected by the aforementioned wiggle (Nayfonov
and Däppen 1998), the result of the inversion (Basu et al 1999) could mean a validation of an
MHD-like treatment (Hummer and Mihalas 1988) of exited states.

The main result of (Basu et al 1999) is shown in figure 3. It is the result from an inversion
of observed solar oscillation frequencies for the intrinsic γ1 difference between the Sun and
a solar model. The intrinsic difference is that part of the γ1 difference which is due to the
difference in the equation of state itself; there is a further component to the γ1 difference
caused by the change to the structure of the solar model resulting from the difference in the
equation of state (Basu and Christensen-Dalsgaard 1997). The error bars shown in figure 3
are based on combined errors of the inversion method and observational errors.

Figure 3 should not be over-interpreted, however, because present uncertainties in the
inversion of the upper layers of the Sun (e.g., turbulent pressure, magnetic fields, nonlocal
thermodynamic effect due to radiation, uncertainties in the chemical composition) preclude so
far a definitive interpretation, and further clarifying work is in progress. In the slightly deeper
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Figure 3. Intrinsic difference between γ1 obtained from an inversion of helioseismological data
(Basu et al 1999), and γ1 of 4 MHD models (M1-4: filled points) and 4 OPAL models (M5-8:
empty points), respectively. All results are in the sense ‘Sun–model’ (for more detail, see Basu
et al 1999).

regions (below a depth of about 3% of the solar radius) the findings of the study (Basu et al
1999) are more reliable, and they confirm the findings of figure 1, that is, the overall OPAL is
a better equation of state than MHD.

3. Directions for future developments

An equation of state more accurate than OPAL or MHD is still necessary. Although the
equation of state, as evidenced by figures 1 and 3, is quite satisfactory, improvements are still
needed. One day, perhaps, further systematic expansions of a physical-picture formalism, such
as OPAL, can reach agreement with helioseismological observations, within the observational
errors. However, such further expansions will be a formidable task, and the likelihood of
success is difficult to estimate. The size of such an effort has to be measured by the standard
of present-day physical-picture formalisms. So far, only one group (the OPAL group at
Livermore) has realized a practically useful formalism that satisfies the exacting demands of
solar modellers. However, their results are only available in the form of pre-computed tables
(Rogers et al 1996, Rogers and Nayfonov 2002). Incidentally, the newest OPAL tables to be
released later this year will allow modelling of stars with masses down to 0.1 M� (Rogers,
private communication).

Since the OPAL computer code is still proprietary and belongs exclusively to the
Livermore group, it makes sense to retrofit chemical-picture formalisms so that they coincide
with OPAL. Liang and Däppen (2004) have successfully emulated the OPAL equation of state,
for a simple hydrogen-only plasma under solar-envelope conditions. Of course, such efforts
need not stop there: because of their heuristic nature, chemical-picture formalisms can, in
principle, be tuned to mimic any other formalism, or direct observational results. An earlier
attempt to simulate some aspects of the OPAL equation of state was made in the so-called
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SIREFF equation of state (see Rogers et al 1996). It is based on the Eggleton et al (1973)
(EFF) equation of state (for further details on SIREFF and EFF, see Däppen and Guzik 2000).

In order to get an equation of state that has the potential to be superior to OPAL (albeit
less systematic and more intuitive), one can enrich chemical-picture formalisms with terms
originating in the physical picture. The aforementioned OPAL emulator (Liang and Däppen
2004) shows a way. An alternative way was presented by Starostin et al (2003), Starostin and
Roerich (2005). Their resulting solar models look promising (Baturin et al 2004, Gryaznov
et al 2005).

4. Conclusions

While currently available equations of state give reasonable accuracy for solar modellers,
the observational data have the potential to aim higher, not only for better solar models, but
especially for a maximum use of the Sun to serve as a plasma-physics experiment. In a few
years, such research will be greatly stimulated by the broad-range scientific applications of
the large lasers currently under construction (NIF, Megajoule).
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Iglesias C A and Rogers F J 1996 Astrophys. J. 464 943
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